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Abstract: A theoretical description of light emission, propagation and re-absorption in semicon-
ductor multilayer stacks is derived based on the transverse Green’s function of the electromagnetic
field in the presence of a complex dielectric. The canonical dipole emission model is parametrized
in terms of the local optical material constants and the local quasi-Fermi level splitting using
the detailed balance relation between local absorption and emission rates. The framework
obtained in this way is shown to reproduce the generalized Kirchhoff relations between the
luminescent emission from metal halide perovskite slabs under uniform excitation and the slab
absorptance of light with arbitrary angle of incidence. Use of the proper local density of transverse
photon states in the local emission rate includes cavity effects in the generalized Planck law for
internal spontaneous emission, which are neglected in the conventional Van Roosbroeck-Shockley
formalism and avoids spurious divergencies due to non-radiative energy transfer via longitudinal
modes. Finally, a consistent treatment of re-absorption provides the local rate of secondary
photogeneration required for the consideration of photon recycling in an opto-electronic device
simulator that includes the effects of charge transport.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Owing to their large extinction coefficients, steep absorption edges, and long non-radiative
lifetimes metal-halide perovskite semiconductors are used extensively for both, light-emitting and
photovoltaic devices. The luminescence properties of these materials thereby play an essential
role in the characterization of device performance. As a consequence of the sizable overlap
between, absorption and emission spectra and of the operation close to the radiative limit [1,2],
photon recycling effects due to re-absorption of internal emission [3–5] are found to have an
impact on the device characteristics, in the form of an enhanced open-circuit voltage in solar
cells [6] and of increased external quantum efficiency due to re-distribution of light from guided
to leaky modes in light-emitting devices [7]. Since internal emission and re-absorption are not
directly accessible to experimental observation, assessment and quantification of these processes
relies strongly on modelling and simulation.

However, light emission is conventionally modeled based on theoretical frameworks that
are different for LEDs and solar cells. While dipole emission models are routinely used to
describe luminescence in organic light emitting diodes (OLED) [8–11], quantum dot LED [12]
and inorganic optical waveguides [13,14], the modeling of luminescence from solar cells is
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largely based on the reciprocity relations between, emission and global absorptance [15] (for
photoluminescence - PL) or emission and external photovoltaic quantum efficiency [16] (for
electroluminescence - EL). Indeed, the opto-electronic reciprocity theory has been applied
successfully to solar cells based on silicon [17], CIGS [18], III-V semiconductors [19], organic
materials [20–22] and metal-halide perovskites [1,23–28]. While this global detailed balance
assessment of luminescence reflects both, the structure of the leaky optical modes in the absorber
and the impact of photon recycling, the important aspect of a non-uniform density of photon states
(DOS) due to cavity effects is absent in the standard formulation of the generalized Planck law
conventionally used to describe the local radiative recombination rate in inorganic semiconductors
based on the local values of absorption coefficient, refractive index and quasi-Fermi level splitting
(QFLS) [29,30]. In the dipole model approach, on the other hand, the local emission rate
is parametrized with an independent intrinsic spectrum (usually a measured single film PL
spectrum), the local dipole density that is inferred either from the recombination current or from
a charge transport model, and the effective dipole lifetime reflecting cavity effects [31]. Hence,
while the relation of absorption and emission to the optical material constants is more consistent
and obvious in the detailed balance approach, the impact of the actual local density of states is
routinely considered only in the dipole emission models. As a notable exception, a formalism
similar in spirit to the present work, but focused on near field effects on global emission of
ultra-thin solar cells with uniform excitation, ideal carrier extraction and operating at the radiative
limit was presented in Ref. [32].

The simulation-based assessment of the open-circuit voltage enhancement due to photon
recycling in perovskite solar cells has therefore relied primarily on optical estimates in the
detailed balance picture for internal and external emission [6,33]. The few works extending
beyond the uniform photon DOS make use of rigorous solution of Maxwell’s equations and
dipole emission models to quantify internal and external emission [34,35], similar to the approach
taken for the optical modeling of photon recycling in perovskite LED [7]. However, the latter
approaches lack a rigorous connection to the detailed balance formalism. Furthermore, they are
subject to the divergence issues encountered in any application of dipole emission in absorbing
media, which originate in the non-radiative coupling to the evanescent quasi-static modes of the
longitudinal field components at large in-plane photon momentum and necessitate the introduction
of artificial non-absorbing environments around the radiating dipoles. Finally, and in contrast to
the standard ray-optical consideration of photon recycling in wafer-based and thin film GaAs
solar cells [36–38], the effects of photon recycling inferred from wave optical simulations of
internal and external emission have not been propagated to the full device characteristics by
using the corresponding radiative rates in a charge transport model. This, however, would be
required in order to reproduce and analyze experimental device characteristics and project device
performance in the presence of realistic non-radiative recombination losses at crucial interfaces
that currently limit the efficiency of perovskite devices [39].

In this paper, we proceed further towards a unified theory of opto-electronic device operation,
reconciling the two pictures of light emission introduced above via the derivation of a detailed
balance parametrization of the local dipole emission rate, which then provides any global and local
optical characteristics of relevance in terms of the local optical material constants, the local QFLS,
and the regularized dyadic Green’s function (GF) of the electromagnetic field. The approach
is then applied to the simulation of light emission and re-absorption in methylammonium lead
iodide (MAPI) slabs with and without metallic back reflector and is validated by comparing the
global radiance with the predictions from the generalized Kirchhoff law. The local emission rate
is formulated as a generalization of the Van Roosbroeck-Shockley (VRS) relation for arbitrary
local photon DOS and shown to converge to the latter for slab thickness approaching the ray-optics
limit, while deviating substantially for thin slabs. Finally, the local re-absorption rate is derived
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and cast in a form that allows for straightforward integration into a charge transport model for full
opto-electronic assessment of photon recycling effects on the solar cell device characteristics.

2. Green’s function theory of dipole emission in absorbing media

2.1. Electromagnetic fields and Poynting vector

In classical electrodynamics, light emission from an excited semiconductor multilayer system is
described by the time-averaged Poynting vector in terms of the transverse electric and magnetic
fields E and H, respectively [40]:

⟨S(r,ω)⟩ =
1
2
ℜ

[︁
E(r,ω) ×H∗(r,ω)

]︁
, H(r,ω) = {iωµ0µ}

−1∇ × E(r,ω), (1)

where r is the position, ω the angular frequency, and µ (µ0) the (vacuum) permeability. Hence,
the central quantity of interest is the transverse electrical field in the presence of a source, which
is related to the source current j via the corresponding dyadic Green’s function←→G :

E(r,ω) = E0(r,ω) + iωµ0µ

∫
d3r′←→G (r, r′,ω)j(r′,ω), (2)

where E0(r,ω) is the field in the source-free situation. In the case of a source consisting of a
point dipole oscillating at position r0 with frequency ω, the current acquires the expression

j(r,ω) = −iωp0δ(r − r0), (3)

where p0 is the dipole moment. Using this in (2) under the assumption of µ = 1 and vanishing
transverse fields in the source-free situation leads to the following (dipole) fields [31]

E(r,ω) = ω2µ0
←→G (r, r0,ω)p0, H(r,ω) = −iω

[︂
∇ ×
←→G (r, r0,ω)

]︂
p0, (4)

and to the general expression of the Poynting vector in terms of the dyadic GF:

⟨S(r,ω)⟩ = −
1
2
ω3µ0ℑ

{︂ (︂
←→G (r, r0,ω)p0

)︂
×

(︂ [︂
∇ ×
←→G ∗(r, r0,ω)

]︂
p∗0

)︂ }︂
. (5)

2.2. Energy dissipation rates

The total (radiative and non-radiative) rate of energy dissipation by a point dipole with unit
polarization vector nd located at r0 in a non-dispersive medium is given by Poynting’s theorem
for harmonic current sources [31]:

P(r0,ω) = −
1
2

∫
d3r ℜ

{︂
j∗(r,ω) · E(r,ω)

}︂
=
ω

2
ℑ

{︂
p∗0 · E(r0,ω)

}︂
=
ω3 |p0 |

2

2c2
0ε0

[︂
nd · ℑ

{︂
←→
G (r0, r0,ω)

}︂
· nd

]︂
,

(6)

where the term in square brackets is related to the partial LDOS and µ0 = 1/(c2
0ε0) was used.

The rate of electromagnetic energy dissipation also provides the local generation rate due
to re-absorption of internally emitted photons, as required for a quantitative assessment of
photon recycling effects in the electronic device characteristics. According to the theory of
electrodynamics in dispersive media characterized by the complex dielectric tensor ←→ε , the
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dissipation due to absorption of electromagnetic (EM) energy amounts to [40] (ℑµ = 0)

Pabs(r,ω) = −
1
2
ωε0E(r,ω) ·

(︁
ℑ

[︁←→ε (r,ω)
]︁ [︁
E(r,ω)

]︁∗)︁ . (7)

For a field generated by an oscillating dipole with moment p0 = p0nd located at r0, inserting
Expr. (4) into the above equation yields

Pabs(r,ω) = −
1
2
ω5µ2

0ε0p2
0

(︂
←→
G (r, r0,ω)nd

)︂
·

(︂
ℑ

[︁←→ε (r,ω)
]︁ [︁←→

G (r, r0,ω)
]︁∗nd

)︂
, (8)

which provides the non-local relation between internal emission and re-absorption that is
characteristic of the photon-recycling process.

2.3. Divergence issues and GF regularization

From the above considerations, the central quantity to evaluate for the assessment of the radiative
rates is the real space GF. Since efficient numerical evaluation of the GF in stratified media
proceeds in slab mode space, i.e., using a Fourier transform of the periodic dimension ϱ = r∥ −r′

∥
,

the real space GF is obtained from an integration over in-plane momentum q∥ :

←→G (r, r′,ω) ≡ ←→G (ϱ, z, z′,ω) =
∫ d2q∥
(2π)2

←→G (q∥ , z, z′,ω)eiq∥ ·ϱ

=

∫ ∞

0

dq∥
(2π)

q∥
←→
F (q∥ , ϱ)

←→
G (q∥ , z, z′,ω)

(9)

where F contains the integration over the angle between q∥ and ϱ, which can be performed
analytically [41,42]. As an example, the change in radiative lifetime due to cavity modes in MAPI
is evaluated at ℏω = 1.65 eV for a dipole with nd = ŷ located at r0 = (0, 0, z0) in a non-absorbing
layer sandwiched between two absorbing layers and surrounded by air. The layer thickness is
20 nm for all layers. The optical data of the MAPI is based on [43], but with a spectral shift
introduced for band gap optimization with regard to application in perovskite-silicon tandems
[44]. Evaluation of the effective radiative lifetime requires computation of Gyy(ϱ, z0, z0,ω) for
ϱ = 0:

Gyy(0, z0, z0,ω) =
∫ ∞

0

dq∥
(2π)

q∥
2

[︂
Gxx(q∥ , z0, z0,ω) + Gyy(q∥ , z0, z0,ω)

]︂
. (10)

Inspection of the integrands as a function of z0 and of the normalized in-plane photon
momentum q∥/q0, where q0 = ω/c0 with c0 the vacuum speed of light, reveals a severe issue
with divergencies in the xx- and zz-components related to TM-polarization, for q∥ →∞ and z0
inside and in the proximity of the absorbing layers (upper row of Fig. 1). These divergencies are
due to the non-radiative near-field transfer of energy via evanescent modes, which is related to
the longitudinal (or quasi-static) components of the EM fields [45–47]. While consideration of
this kind of energy transfer and the associated quenching of the luminescence might be justified
for molecules in the vicinity of metal layers [48,49], the de-excitation of inorganic, non-excitonic
semiconductors at low carrier density due to coupling to the EM fields proceeds primarily via the
emission of transverse photons. Indeed, the radiative part of the energy dissipation rate (6) is
related to the imaginary part of the transverse Green’s function←→G T [13,46,50,51].

The transverse GF can be obtained via the generalized transverse delta function from generalized
transverse solutions f of the Helmholtz equation, for which ∇ · {ε(r)f(r)} = 0 [52]. However,
the computation is very involved, even for simple cases, where an analytical solution is possible
[13,53]. We therefore follow Ref. [46] instead and approximate the transverse GF by subtraction
of the purely longitudinal, non-retarded component←→G L from the full GF. In contrast to Ref. [46],
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Fig. 1. (upper row) Imaginary part of the spatial diagonal of the full dyadic GF, which
is related to the partial LDOS, as a function of polarization and normalized in-plane
momentum q∥/q0. The structure consists of a non-absorbing layer sandwiched between
two absorbing layers and surrounded by air. The thickness of the layers is 20 nm, and the
optical material data for MAPI is used. The computation is performed for a photon energy of
1.65 eV, for which both significant absorption and emission is present. While the transverse
yy-component features only radiative and wave guide modes, there are exponentially growing
contributions to the xx- and zz-components that originate from non-radiative coupling to
evanescent states in the absorbing layers. (lower row) Imaginary part of the spatial diagonal
of the longitudinal/quasi-static GF components, which contains the divergent contributions
to the full GF.

we use a Dyson equation approach to obtain consistently the full Dyadic GF and its quasi-static
part.

The explicit expressions of the dyadic GF in free space←→G 0 can be found in the literature, e.g.
in Ref. [54]. Using this free space GF (and omitting the arguments q∥ , z, z′ and ω), the equations
for the full slab mode GF (including the effect of the absorbing medium) can be recast in the form
of the Dyson equation (⊗ =̂

∫
dz: tensor product includes integration over spatial arguments)

←→G =←→G 0 +
←→G 0 ⊗

←→
Π ⊗

←→G (11)

where for an electronically isotropic medium, the photon self-energy←→Π can be approximated by

Πij(q∥ , z, z′,ω) =
ω2

c2
0

(︁
ε(z,ω) − 1

)︁
δijδ(z − z′), (12)

and which can be solved either iteratively or, after rearranging, via direct matrix inversion.
The longitudinal GF is obtained from the solution of a similar Dyson equation employing the

quasi-static component←→G 0L of the free space GF which results from the full free-space GF by
replacing the perpendicular wave vector qz0 =

√︂
q2

0 − q2
∥

with iq∥ [46]. The lower row of Fig. 1
displays the imaginary part of the spatially diagonal entries of the longitudinal GF components,
which are found to be identical to the diverging contributions in the full GF. Subtraction of this
quasi-static part from the full GF therefore provides a GF that is well-behaved for large values
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of the in-plane photon momentum. This is shown in Figs. 2(a) and (b) that display the spatial
integration of the partial LDOS in the central layer as a function of in-plane momentum for a
parallel [integrand in (10)] and a vertical dipole (z-component only), respectively. As can be
inferred from Fig. 2(c) – displaying the physical in-plane momentum domain for a parallel dipole
– the full GF result is in perfect agreement with the power dissipation based on the evaluation of
the photonic LDOS as implemented in the established dipole emission simulation tool Setfos
[55].

Fig. 2. Spatial integration of the partial LDOS in the central layer coupling to (a) a parallel
dipole (x- and y-components) and (b) a vertical dipole (z-component only). Open symbols
represent the full GF result that diverges for q∥ →∞, while the full line represents the result
based on the transverse GF. (c) Comparison of the dissipated power from Setfos with the
spatial integration of the imaginary part of the full GF, for the case of a parallel dipole.

More comprehensive microscopic treatments include both, radiative dissipation (via coupling to
transverse GF) and non-radiative losses (from energy transfer via near-field Coulomb interaction)
[56,57]. However, these works rely on the Huttner-Barnett model for the dielectric function of a
polarizable medium, which does not depend on the transverse momentum and is designed for
lossy dielectrics, not semiconductors. Furthermore, in the presence of absorption, the radiative
decay rate is modified by local field effects that are related to the imaginary part of the dielectric
constant [50]. Finally, the coupling of light and matter at large in-plane momenta is no longer
described appropriately using the macroscopic continuum approximation of a dielectric medium,
and the local photon self-energy (12) should be replaced by a non-local and momentum-dependent
expression derived within a microscopic theory of electron-photon interaction [58–60].

3. Detailed balance parametrization of local and global emission

In the presence of a dipole distribution ρd(z) (d: dipole orientation) and a normalized intrinsic
emission spectrum L(ω), the local and spectral rate of spontaneous emission based on the energy
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dissipation rate (6) acquires the form

Rem(z,ω) ≡ Pem(z,ω)/(ℏω)

=
ω2

2ℏc2
0ε0

p2
0(z)L(ω)

∑︂
d∈{x,y,z}

ρd(z)
[︂
nd · ℑ

{︂
←→G T(z, z,ω)

}︂
· nd

]︂
. (13)

For an electronically isotropic material with average dipole density ρ, the local emission rate
reduces to

Rem(z,ω) =
ω2

2ℏc2
0ε0

p2
0(z)ρ(z)L(ω)ℑ

[︂
Tr←→G T(z, z,ω)

]︂
(14)

where Tr denotes the trace over polarization indices.
On the other hand, the detailed balance relation between absorption and emission results in

an expression of the spontaneous emission rate in terms of the local absorption coefficient or,
more generally, the local and spectral values of the refractive index nr and extinction coefficient κ
– related to the dielectric function in (12) via ε = (nr + iκ)2 – and the local value of the QFLS
∆µcv, which for electronically isotropic materials can be written as follows [15,60]:

Rem(z,ω) =
4ω2

c2
0πℏ

nr(z,ω)κ(z,ω)ℑ
[︁
Tr←→G T(z, z,ω)

]︁
fBE

[︁
ℏω − ∆µcv(z)

]︁
, (15)

where fBE is the Bose-Einstein distribution function. This provides the relation

p2
0(z)ρ(z)L(ω) =

8
π
ε0nr(z,ω)κ(z,ω)fBE

[︁
ℏω − ∆µcv(z)

]︁
. (16)

The above identity can now be used to parametrize the dipole emission model in terms of the
central quantities of the detailed balance theory.

3.1. Photon flux from internal emission expressed via the Poynting vector

As stated in Sec. 2, external emission - or global radiance - is evaluated from the Poynting vector
for a given dipole distribution. In a laterally homogeneous and infinitely extended thin film where
the emitters are assumed to be evenly distributed, only the perpendicular (i.e., z-) component of
the Poynting vector is finite. The contributions Sαz to the (spectral) Poynting vector normal to the
slab from radiating dipoles with orientation α generating photons of energy Eγ = ℏω via internal
emission due to an interband polarization related to the local QFLS ∆µcv can be expressed via
Eqs. (5) and (16):

Sx
z (z, Eγ) =

4E3
γ

ℏ3c2
0π

∫
dz′

{︂
nr(z′, Eγ)κ(z′, Eγ)fBE

(︁
Eγ − ∆µcv(z′)

)︁
× ℑ

∫ d2q∥
(2π)2

(︂
Gxx(q∥ , z, z′, Eγ)

[︁
∂zGxx(q∥ , z, z′, Eγ)

]︁∗
− iq∥Gxx(q∥ , z, z′, Eγ)

[︁
Gzx(q∥ , z, z′, Eγ)

]︁∗)︂}︂
(17)

and similar relations for Sy
z and Sz

z. For isotropic materials, the total photon flux is then the sum of
the contributions of the different polarization orientations, Sz =

∑︁
α∈{x,y,z} Sαz ≡ STE

z + STM
z , with

STE
z = Sy

z and STM
z = Sx

z + Sz
z. Figure 3(a) shows the TE and TM components of the photon flux at

Eγ = 1.65 eV in a 100 nm MAPI layer subject to a uniform QFLS ∆µcv = 1.1 eV. In Fig. 3(b)
the flux components are displayed for the case where a metallic (Al) reflector is attached to the
MAPI slab on the right side.
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Fig. 3. Spatial evolution of the normal photon flux (TE and TM components) computed
from the photon GF in a 100 nm MAPI slab subject to a uniform QFLS of 1.1 eV: (a) bare
slab surrounded by air; (b) slab with metallic (Al) reflector attached at the right side.

3.2. Absorptance from the Green’s function

While in stratified media, the absorptance of incident light as a function of in-plane photon
momentum and photon energy - i.e., the modal absorptance - is conventionally evaluated in terms
of a transfer matrix method (TMM), we choose here to express this quantity in terms of the
photon Green’s function in order to describe absorption and emission consistently on the basis of
identical ingredients and within the same theoretical formalism. Evaluating the more general
expressions for the absorptance in terms of the photon GF as derived within non-equilibrium
quantum statistical mechanics [58,59,61] together with the photon-self energy expression in (12)
yields (see Supplement 1 for an explicit derivation)

aTE(q∥ , Eγ) =
4E2

γ

(ℏc0)2

∫
dz nr(z, Eγ)κ(z, Eγ)ℑ

[︁
Gvac,yy(q∥ , z, z, Eγ)

]︁
, (18)

aTM(q∥ , Eγ) =
4E2

γ

(ℏc0)2

∫
dz nr(z, Eγ)κ(z, Eγ)

∑︂
µ=x,z
ℑ

[︁
Gvac,µµ(q∥ , z, z, Eγ)

]︁
, (19)

where the vacuum-induced GF Gvac is given by [61,62] (momentum and energy arguments
omitted)

←→
G vac(z, z′) =

∫
dz1

∫
dz2

[︁←→ε ]︁−1
(z, z1) ·

[︁←→
G 0(z1, z2) −

←→
G †0(z1, z2)

]︁
·
[︁←→ε ]︁−1,†

(z2, z′) (20)

with the inverse dielectric tensor[︁←→ε ]︁−1
(z, z′) =

∫
dz1
←→G (z, z1)

←→G −1
0 (z1, z′) (21)

and the free-field GF G0. The comparison of the absorptance of the 100 nm MAPI slab evaluated
from the above expression with the corresponding absorptance from Setfos is displayed in
Fig. 4 and shows excellent agreement for both, different angles and polarization.

3.3. Generalized Kirchhoff law

With the above expressions for the Poynting vector and the absorptance, the generalized Kirchhoff
relation [15] between slab absorptance and photon flux emitted from the the slab surfaces can be

https://doi.org/10.6084/m9.figshare.14452869
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Fig. 4. Comparison of the absorptance as computed based on the photon GF with the result
provided by the TMM solver implemented in Setfos [55], for different angles of incidence
and polarization, of (a) a 100 nm MAPI slab in air, (b) a 100 nm MAPI slab with an Al back
reflector (unpolarized).

verified for arbitrary (polar) angle θ of incidence/emission, as ϕem(θ, Eγ) =
∑︁

z∈∂V Sz(θ, Eγ)n̂z/Eγ,
where n̂ is the surface normal:

Φ
λ
em(Eγ) = 2πϕbb(Eγ)fBE(Eγ − ∆µcv)/fBE(Eγ)

∫ π/2

0
dθ sin(θ) cos(θ)aλ(θ, Eγ), (22)

ϕbb(Eγ) =
E2
γ

4π3ℏ3c2
0
fBE(Eγ), (λ = TE, TM) (23)

with ϕbb denoting the black-body photon flux. Using the relation q∥(θ) = q0 sin(θ), the emission
spectrum can also be written in terms of an integration over transverse photon momentum:

Φ
λ
em(Eγ) = (πℏ)−1fBE(Eγ − ∆µcv)

∫ q0

0

dq∥
2π

q∥ aλ(q∥ , Eγ), (λ = TE, TM) (24)

which makes the connection to the modal absorptance. Figure 5(a) shows the perfect agreement
between the emitted photon flux from absorptance (full line) and GF-based Poynting vector (open
symbols) evaluated at the surface of a 100 nm thick MAPI layer with ∆µcv = 1.1 eV. Figure 5(b)

Fig. 5. Relation between photon flux from Poynting vector and from the absorptance via the
generalized Kirchhoff law in a 100 nm MAPI slab subject to a uniform QFLS of 1.1 eV, (a)
without and (b) with a metallic (Al) reflector. The red dotted line marks the photon energy
for which the flux is shown in Fig. 3.
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displays the situation in the case of the presence of a metallic (Al) reflector attached on the right
side of the 100 nm MAPI slab, revealing again perfect coincidence of the fluxes from Poynting
vector and generalized Kirchhoff law. To relate the spectral result to the spatially resolved picture
displayed in Fig. 3, the red dotted lines mark the photon energy for which the flux is shown
there. The apearance of a bump at the low-energy flank of the emission spectrum is related to
the evolution of the extinction coefficient in the vicinity of the absorption edge (see Fig. S1 in
Supplement 1), as low energy contributions are exponentially enhanced by the Bose-Einstein
factor.

4. Local radiative rates - generalized Planck law and photon recycling

4.1. Local emission and re-absorption rates

After verification of the global reciprocity relation, expression (15) for the local emission rate is
now to be compared to the VRS detailed balance theory [29]:

RVRS
em (z, Eγ) = α(z, Eγ)

n2
r (z, Eγ)E2

γ

π2ℏ3c2
0

fBE
[︁
Eγ − ∆µcv(z)

]︁
, (25)

where α = κ · 2Eγ/(ℏc0) is the absorption coefficient. Expression (25) is reproduced as a special
case of the general treatment introduced here by inserting the free field GF←→G 0 (for uniform nr)
with ℑ

[︁
Tr

{︁←→G 0(z, z, Eγ)
}︁]︁
= nr(z, Eγ)Eγ/(2πℏc0) [31] in (15). Figure 6(a) shows the integral

over energy Rem(z) =
∫

dEγRem(z, Eγ) of the two spectral volume rates for a MAPI slab with
uniform QFLS of 1.1 eV and thickness increasing from 100 nm to 1 um, which shows both the
discrepancy at low absorber thickness and the convergence to the bulk limit. Comparison with
the rate evaluated using the full GF - i.e., including the quasi-static contributions (dashed line) -
at identical in-plane momentum integration limits given by the maximum value that still supports
propagating modes confirms the relevance of the regularization procedure applied to obtain the
transverse GF.

Fig. 6. (a) Local emission rate based on the detailed balance GF model in a MAPI slab of
thickness ranging from 100 nm to 1000 nm and subject to a uniform QFLS of 1.1 eV. For
increasing thickness, the rate converges to the value provided by the generalized Planck law
based on the bulk absorption coefficient and free field LDOS. Use of the full instead of the
transverse GF in the emission rate (at identical in-plane momentum integration limits) results
in an overestimation of the emission rate due to the diverging non-radiative contributions
(dashed line). (b) The local absorption rate shows both similar spatial variation and strength
as the emission, which results in a sizable reduction of the net recombination rate.

https://doi.org/10.6084/m9.figshare.14452869
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For the quantification of the re-absorption, we consider again an isotropic stratified medium,
i.e.,←→ε (r,ω) = ε(z,ω)←→δ , and a density of dipoles ρ(z) with dispersion L(ω), for which we can
use the detailed balance parametrization given in Eq. (16). The local re-absorption rate then
acquires the following form:

Rabs(z, Eγ) ≡ − Pabs(z, Eγ)/Eγ =
8E4

γ

πℏ5c4
0
nr(z, Eγ)κ(z, Eγ)

∫
dz′

{︂
nr(z′, Eγ)κ(z′, Eγ)

× fBE[Eγ − ∆µcv(z′)]
∑︂
µ,ν

∫ d2q∥
(2π)2

|Gµν(q∥ , z, z′, Eγ)|
2
}︂
.

(26)

Hence, unlike the local emission rate, the local re-absorption rate couples different points in
space. This is a well-known issue in the quantitative evaluation of photon-recycling. Figure 6(b)
shows the local re-absorption rate for the MAPI with uniform QFLS of 1.1 eV. Comparison with
the local emission rate confirms the substantial reduction of the effective recombination translating
into sizable VOC gain. Figure 7(a) shows the comparison between the total (TE+TM) global
radiance ϕglob

em from the cell (open symbols) and the spatial integration ϕint
em(Eγ) =

∫
dz Rem(z, Eγ)

of the local (TE+TM) internal emission rate (full line). The flux corresponding to the total
emission rate is significantly larger than that for the emission into the loss cone (ϕout

em , dashed
line), which is inferred from the in-plane momentum threshold for modes propagating in air. To
obtain the flux for the net emission (ϕnet

em, dotted line), the re-absorption rate is subtracted from
the emission rate, which results in an emitted flux that agrees perfectly with the radiance from
the Poynting vector or the generalized Kirchhoff law.

Fig. 7. (a) Comparison of the spatial integration of the total (full line) and net (dotted line)
internal emission rate with the externally emitted photon flux (open symbols). Also shown
is the flux due to emission into the optical loss cone (dashed line). (b) Implied open circuit
voltage enhancement based on the relation between internal and external emission evaluated
within the VRS and GF frameworks, respectively.

4.2. Open-circuit voltage enhancement

In an optical assessment of photon recycling at the radiative limit and for infinite mobility
resulting in a uniform QFLS, ∆VPR

OC has been expressed in terms of the radiative dark saturation
currents for internal and external emission. Thereby, the generalized Kirchhoff law is used for
the external emission and the internal emission is obtained from the spatial integration of the
VRS emission rate [6]:

∆VPR
OC ≈ −

kBT
q

ln (pe) ≈
kBT
q

ln

(︄
Jint

0,rad

Jext
0,rad

)︄
, (27)
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Jext
0,rad = q

∫
dEγ

[︁
Φ

TE
em(Eγ) + Φ

TM
em (Eγ)

]︁
= q

∫
dEγ ā(Eγ)ϕbb(Eγ), (28)

Jint
0,rad(VRS) = q

∫
dEγ

∫
dz RVRS

em (z, Eγ) = 4πqd
∫

dEγ n2
r (Eγ)α(Eγ)ϕbb(Eγ), (29)

where pe is the probability of photon extraction, ā(Eγ) =
∑︁

λ=TE,TM
∫

dθ sin(θ) cos(θ)aλ(Eγ, θ),
d is the thickness of the absorber and q is the electronic charge. The approximation sign is set
due to the use of the Boltzmann approximation to the Bose-Einstein distribution that allows for
the closed-form representation of ∆VPR

OC and which is also used in the black-body photon flux
ϕbb in the above equations. Using the same approximation, but starting from Expr. (15) for the
generalized local emission rate, the dark saturation current from internal emission acquires the
form

Jint
0,rad(GF) = q

∫
dEγ

∫
dz

2Eγ

πℏ2c0
nr(z, Eγ)α(z, Eγ) exp

(︃
−

Eγ

kBT

)︃
ℑ

[︁
Tr←→G T(z, z, Eγ)

]︁
, (30)

which, in contrast to the VRS-based expression (29) and in consistency with the generalized
Kirchhoff law (28) reflects the actual optical modes of the absorber. Figure 7(b) shows the
evolution of ∆VPR

OC with absorber layer thickness for the two approaches. In agreement with the
comparison of the local emission rates in Fig. 6(a) and with the findings of previous investigations
[35], ∆VPR

OC inferred from the VRS with free field DOS overestimates internal emission at small
absorber thickness but converges to the value obtained with the proper optical LDOS in the
ray-optics limit, i.e., for slab thickness exceeding the wavelength of the emitted light.

When dealing with non-ideal systems, parasitic absorption is found to have a detrimental
impact on the positive effect of PR [6,34,63]. In the present framework, parasitic absorption can
be accounted for explicitly by evaluating the absorptance of layers that do not contribute to the
generation of free charge carriers. Implicitly, parasitic absorption appears in the guise of light
intensity attenuation due to interaction with absorbing, but non-generating components, most
importantly, metallic reflectors. In fact, not only the loss involved in the reflection on metallic
mirrors or the passage through absorbing contact layers is considered, but also the impact of
plasmonic resonances on both, internal emission and re-absorption.

4.3. Coupling to charge transport

Coupling of the optical model to macroscopic charge transport on drift-diffusion level as
implemented in standard opto-electronic device simulation tools [55,64] requires reformulation
of the local rates for emission and re-absorption into corresponding terms for effective radiative
recombination and secondary photogeneration. To this end, the standard Boltzmann approximation
of the Bose-Einstein and Fermi-Dirac functions is used to obtain

fBE
[︁
Eγ − ∆µcv(z)

]︁
≈ exp

[︂ (︁
∆µcv(z) − Eγ

)︁
/(kBT)

]︂
≈ exp

(︃
−

Eγ

kBT

)︃
n(z)p(z)/n2

i (z), (31)

i.e., the local QFLS is expressed in terms of the local values of electron an hole densities n and p
and intrinsic carrier concentration ni. The radiative recombination term in the drift-diffusion
equations is then written in the stardard form

Rrad(z) = Brad(z)
[︁
n(z)p(z) − n2

i (z)
]︁
, (32)

with the radiative recombination coefficient given by

BVRS
rad (z) =

4π
n2

i (z)

∫
dEγ α(z, Eγ)n2

r (z, Eγ)ϕbb(Eγ) (33)
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in the case of the VRS uniform LDOS approximation, and

BGF
rad (z) =

2n−2
i (z)
πℏ2c0

∫
dEγ α(z, Eγ)Eγnr(z, Eγ) exp

(︃
−

Eγ

kBT

)︃
ℑ

[︁
Tr←→G (z, z, Eγ)

]︁
(34)

in the generalized version valid for arbitrary LDOS. Obviously, up to the factor n−2
i these

expressions for the recombination prefactor coincide with the integrands of the spatial integration
in the expressions of the dark saturation currents for the internal emission as formulated in the
previous section.

Expressions (26) – subject to the approximation (31) of the Bose-Einstein distribution – and
(34) are suitable starting points for the numerical implementation that couples the optical to
the electronic problem. Once the GF is computed, all that is required are the two functionals
Fem[
←→
G ] and Fabs[

←→
G ], defined as follows:

Fem[
←→
G ](z, z, Eγ) ≡

∫ d2q∥
(2π)2

ℑ

[︂
Tr←→G (q∥ , z, z, Eγ)

]︂
, (35)

Fabs[
←→
G ](z, z′, Eγ) ≡

∫ d2q∥
(2π)2

∑︂
µ,ν

|︁|︁Gµν(q∥ , z, z′, Eγ)
|︁|︁2 . (36)

These objects – as well as the corresponding emission coefficient (34) – have to be computed
only once, while the QFLS (obtained from solution of the transport problem) and the re-absorption
rate (26) have to be iterated until convergence is reached.

5. Conclusion

This work provides the formal derivation and numerical implementation of a novel approach
to model the impact of a non-uniform density of electromagnetic modes on the luminescence
in thin film photovoltaic absorbers that rigorously includes the effects of photon recycling
beyond the ray-optical picture and avoids the notorious divergencies associated with emission in
complex dielectrics. It unifies the theory of dipole emission with that of radiative rates from
detailed balance and enables the consistent evaluation of internal and external emission under
correct consideration of the EM modes, generalizing the Van Roosbroeck-Shockley formalism to
arbitrary local photon density of states. Application to thin perovskite absorber films confirms
the previously observed overestimation of the VOC enhancement related to photon-recycling as
obtained from uniform LDOS. The explicit formulation of local rates in dependence of the local
quasi-Fermi level splitting paves the way to seamless integration with opto-electronic device
simulation that propagates photon-recycling effects based on a full wave treatment from optical
estimates to modification of the actual device characteristics of realistic solar cell architectures.
Relevant directions of future work to extend the approach beyond the scope of the present article
are towards, a rigorous inclusion of longitudinal energy transfer close to metallic layers into a
non-radiative recombination term and the combination with scalar scattering theory for textured
surfaces, which will allow for the simulation of tandem solar cells combining a thin perovskite
absorber film with a random microtexture silicon wafer [44].
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